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Math 362 Final Exam, May 2, 2019

You have 2 hours to complete this exam. When you write proofs, make sure
that they are complete and clear, and that you quantify your variables and
justify your steps as appropriate. On your desk you should only have the exam
and something to write with; no other materials, electronic devices or outside
help are allowed.

1. (15 pts) Let ¥ C E be a field extension and let « € E be algebraic over F. Let
m(z) € F[z] be the minimal polynomial of a over F. Prove that if f(x) is a polynomial in
Flz] satisfying f(a) = 0, then m(z) divides f(z).



a. (b pts) Give an example of a finite extension of Q that is not a splitting field.

b. (5 pts) Give an example of a finite normal extension of Q with degree 4.

c. (b pts) Give an example of a field extension of QQ that is simple but does not have finite
degree.



3. (15 pts) Let F be a field with algebraic closure F, and let a € F. Prove that the number
of isomorphisms from F'(«) to some subfield of F is less than or equal to [F(«) : FJ.



4. (15 pts) Let F' be a field with algebraic closure F, ~and let E be a field satisfying
F C ECF. Suppose that every automorphism o € G(F/F) has the property that o 5
is an automorphism of E. Prove that E is a splitting field over F.



5. Let K be a finite normal extension of Q. Assume that the Galois group G(K/Q) is
abelian, and that the subgroup diagram of G(K/Q) is shown below. You are given that
[K . Q] = 27, and that |H1| = |H2| = |H3| = 9, and that |H4| = |H5| = |H6| =3.

G(K/Q)

(id)

a. (5 pts) If we use E; to mean the fixed field of H;, what is the size of the Galois group
G(K/Ey)?

b. (5 pts) What is the degree [E4 : Q|7

c. (5 pts) Explain why Q C Fs is a finite normal extension.



6. (10 pts) Let FF C K be a finite normal extension, and let H be a normal subgroup of
G(K/F). Prove that the fixed field of H is a finite normal extension of F'.



7. For each field extension of Q below, explain why the Galois group of the field extension
is solvable.

a. (5 pts) A finite normal extension Q C K with [K : Q] = p, where p is a prime number.

b. (5 pts) K is the splitting field of x? + 322 — 22 + 1 over Q.

c. (5 pts) K is the splitting field of the set {z® — 7, 25 — 11, x'3 + 4} over Q.






