Bonus.

MA 362 — Homework 6 — Due Friday, March 1

. Consider F C E C F, so E is a subfield of the algebraic closure of F', and assume [F : F|

is finite.

i. Prove that F = F(ay,...,a,) for some o; € F.

ii. Let £ : E — F be an isomorphism from E to a subfield of F, and assume that &
fixes F'. Prove that £ is determined by the values £(aq), ..., &(ay).

iii. Let 7: E — F be a function. Prove that 7 is an isomorphism from E to a subfield of

F if and only if 7 is F-linear, 7(1) = 1, and 7(oya;) = 7(;)7(a) for all 1 < 4,5 < n.

Expanding on the example from class on Feb 22, let G = G(Q(v/2,v/3)/Q). This group has
five subgroups. For each subgroup of H < G, find the subfield of Q(v/2,v/3) that is fixed
by all elements of H. Draw the lattice of subgroups of (G, and label each subgroup with its
corresponding fixed subfield. It may be helpful to think about the Q-basis for Q(v/2,v/3).

Consider the polynomial f(z) = 2% — 1 in Q|x].

i. Find the splitting field E C C of f(z).

i. Find the degree [E : QJ.

iii. Find the index {E : Q}.

iv. Find all elements of G(F/Q) and fill in the group operation table for this group.

—e

Let F be a field, let f(x) € F[z] be an irreducible polynomial of degree n, and let a € F
be a root of f(z). Assume that F(«) is the splitting field of f(x).

i. Prove that |G(F(a)/F)| divides n.
ii. Prove that if the n roots of f(x) are all distinct, then |G(F(a)/F)| =n

Let F be a field and let F be the algebraic closure of F.

i. Assume o, f € F are both separable over F, with 3 # 0. Prove that o+ 3, o — 3, a3
and @ are also separable over F'.

ii. Let F¥ C FE be an algebraic field extension. Prove that the set of all elements of F
that are separable over F' forms a subfield of E. It is called the separable closure of
Fin E.

For all n > 0, give an example of a field extension F C E where {E : F'} = 1 and
[E:Fl=n



